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I. INTRODUCTION
Quantum entanglement is both mysterious and useful in quantum information processing due to its wide range of applications in quantum cryptography [1, 2] , quantum teleportation [3, 4] , and quantum secured direct communication [5] [6] [7] and so on. Its mystery has spurred investigations on other closely related quantum phenomena such as quantum nonlocality, as local operation and classical communication (LOCC) protocol also plays an important role in quantum information theory.
LOCC is often used as a tool to verify whether quantum states are perfectly distinguishable or not [8] [9] [10] . Nonlocality of quantum information is revealed when a set of orthogonal states cannot be distinguished by LOCC. This problem underpins quantum entanglement as a resource. During the past twenty years, quantum nonlocality has been studied intensively. Given a known set of mutually orthogonal states, two separated observers Alice and Bob share a bipartite quantum system but they don't know which state their combined system is in. One says that these states are locally distinguishable if Alice and Bob can reliably determine them by LOCC. There are many interesting results on LOCC distinguishability [11] [12] [13] [14] [15] [16] of orthogonal states and LOCC indistinguishability of orthogonal states [17] [18] [19] .
It is well known that entanglement is not necessary for local indistinguishable quantum states. Bennett et al. [20] first presented nine LOCC indistinguishable orthogonal product states in C 3 ⊗ C 3 and showed the phenomenon of nonlocality without entanglement. Walgate and Hardy [21] gave a simpler method, in which a necessary and sufficient condition for distinguishability of orthogonal states in C 2 ⊗ C n was used. Zhang et al. [22] extended the result and constructed d 2 local indistinguishable orthogonal product states in C d ⊗ C d , where d is odd. They further proved that there exist 4d − 4 orthogonal product states that cannot be perfectly distinguished in C d ⊗ C d [23] . Recently Wang et al. [24] showed that there are 3(m + n) − 9 orthogonal product states in C m ⊗ C n (3 ≤ m ≤ n) and they are LOCC indistinguishable, and the authors further obtained a set of 3n + m − 4 orthogonal product states in C m ⊗ C n (3 ≤ m ≤ n) [25] and proved that they are perfectly distinguished by LOCC. Most recently Xu et al. [26] 
. Despite these interesting developments, locally indistinguishable orthogonal product states are unknown for the most general bipartite system.
On the other hand, locally indistinguishable quantum states may become distinguishable by LOCC via entanglement. For a set of orthogonal states in some bipartite system undistinguished by LOCC, it is possible to distinguish them when Alice and Bob share an entangled state. In 2008, Cohen presented an effective method to perfectly distinguish certain classes of unextendible product bases (UPB) in C m ⊗ C n using entanglement [27] . In 2016, Zhang et al. used the method to distinguish indistinguishable orthogonal product states in C m ⊗ C n with a C 2 ⊗ C 2 maximally entangled state [28] . However, not all orthogonal product states are LOCC distinguishable by using only a C 2 ⊗ C 2 maximally entangled state. It is necessary to consider other entanglement resources and obtain optimal ones to distinguish a given set of orthogonal product states.
In this paper, we will construct a set of locally indistinguishable orthogonal product states in C m ⊗ C n and show that they are local distinguishable using entanglement as a resource.
The paper is organized as follows. In Sec. 2, we first construct 2n − 1 orthogonal product states in C n ⊗ C 4 (n > 4) and 2(n + 2l) − 8 orthogonal product states in C n ⊗ C 2l (n ≥ 2l > 4) and show that they are local indistinguishable respectively. Then we consider C n ⊗ C 2k+1 (n ≥ 2k + 1 ≥ 5). When n ≥ 2k + 1 = 5, we find 2n − 1 locally indistinguishable orthogonal product states. When n ≥ 2k + 1 > 5, there are 2(n + 2k + 1) − 7 orthogonal product states that cannot be perfectly distinguished by LOCC. In Sec. 3, we prove that these indistinguishable states can be distinguished by LOCC with a C 2 ⊗ C 2 maximally entangled state respectively, which is obviously the least entanglement resource for the proof of method of Cohen in article [27] . Discussions and summary are given in Sec. 4.
II. CONSTRUCTIONS OF LOCC INDISTINGUISHABLE ORTHOGONAL PRODUCT STATES
In this section, we construct locally indistinguishable orthogonal product states in the system C n ⊗ C m (n ≥ m ≥ 4) according to m being even or odd. First we fix some terms to simplify presentation.
Let
be a fixed orthonormal basis in C d , and we also consider the states |i ± j = 1 √ 2 (|i ± |j ). If there are two parties called Alice and Bob, and Alice performs a nontrivial measurement upon the system first, then we say that Alice goes first [21] .
We call a measurement trivial if all the POVM elements are proportional to the identity operator, as such a measurement yields no information about the state. All other measurements will be regarded as nontrivial.
A pure state |ψ is called a 
To present our results better, we use box-diagrams to show mutually orthogonal product states as in [27] given by Cohen. Three examples of LOCC indistinguishable orthogonal product states are depicted in Fig.1, Fig.2 and Fig.3 , in which a tile represents a product state. As an example, an arbitrary state ε on system A and system B is in the state |i and in the states |j and |j + 1 , respectively. We can write ε as ε = |i A ⊗ |j + (j + 1) B . An exception is that the two squares labeled 7 in Fig.1 Case 1. In C n ⊗ C m (m = 2l), we find 2(m + n) − 9 LOCC indistinguishable orthogonal product states in case n > m = 4 and 2(m + n) − 8 LOCC indistinguishable orthogonal product states in case n ≥ m > 4, respectively. 
Proof: We prove that the orthogonal product states in (1) are indistinguishable by LOCC no matter who goes first. We start by assuming that Alice goes first with a non-disturbing measurement {M 
Furthermore, we claim that M 
A m is proportional to the identity, which implies immediately that Alice cannot go first. Next we consider the case that Bob goes first with a non-disturbing measurement {M 
m is proportional to the identity, which means that Bob cannot go first. We note that there are 8 LOCC indistinguishable orthogonal product states in C 4 ⊗ C 4 . Therefore the state
, there are 2(2l + n) − 8 orthogonal product states that are LOCC indistinguishable and constructed as follows.
Proof: This conclusion can be proved similarly as Theorem 1. We first study the case that Alice goes first with a non-disturbing measurement {M 
For the remaining indices, we have that To see it is a constant matrix, we consider the quantum states |φ , |ϕ i (i = 1, 2, . . . , 2l − 3), |ψ 3l−4 and |ψ 3l−5 which quickly imply that i + (i + 1)|M
Case 2. In the case of C n ⊗ C m (m = 2k + 1), we find d LOCC indistinguishable orthogonal product states, where
which are listed as follows.
Theorem 3. In C n ⊗ C 2k+1 (n ≥ 2k + 1 ≥ 5), there are d LOCC indistinguishable orthogonal product given in (9) .
Proof: This result is proved by the similar method. One shows that the orthogonal product states in (9) are indistinguishable by LOCC no matter who goes first. Using the obvious symmetry when m = n, we only need to check these states cannot be distinguished by LOCC when Alice goes first. As before we assume Alice goes first with a non-disturbing measurement {M (9), we can see that (a ij ) is a diagonal matrix.
As this is quite similar to the last theorem, we list below the results of applying M A m .
• |ϕ k , |ϕ k+1 and |ψ i+2k (i = 1, 2, . . . , n−5) imply that a ij = 0 for i, j = 1, 2, . . . , k −2, k, k +2, k +4, . . . , n, i = j.
• |ψ k , |ψ k+1 , |ϕ i (i = k − 1, k, k + 1, k + 2) and |ψ i+2k (i = 1, 2, . . . , n − 5) imply that a (k+1)i = a i(k+1) = 0(i = 1, 2, . . . , k, k + 2, . . . , n).
• |φ 1 , |ψ k+1 , |ϕ i (i = k − 1, k, k + 1, k + 2) and |ψ i+2k (i = 1, 2, . . . , n − 5) imply that a (k−1)i = a i(k−1) = 0(i = 1, 2, . . . , k − 2, k, . . . , n).
• |φ 2 , |ψ k , |ϕ i (i = k − 1, k, k + 1, k + 2) and |ψ i+2k (i = 1, 2, . . . , n − 5) imply that a (k+3)i = a i(k+3) = 0(i = 1, 2, . . . , k + 2, k + 4, . . . , n).
Therefore (a ij ) is diagonal. Using the quantum states |φ , |ψ i (i = 1, 2, . . . , 2k) and |φ i+5 (i = 0, 1, 2, . . . , n−m−1), it is not hard to see that i + (i + 1)|M
is a constant matrix, so Alice cannot go first.
III. DISTINGUISHING ORTHOGONAL PRODUCT STATES WITH THE LEAST ENTANGLEMENT RESOURCE
In this section we show that the indistinguishable orthogonal product states given in the last section can be distinguished by LOCC using a C 2 ⊗ C 2 maximally entangled state as a resource.
, it is sufficient to perfectly distinguish the 2n − 1 orthogonal product states in (1) by LOCC, using a C 2 ⊗ C 2 MES.
Proof: To distinguish these states by LOCC, we add two auxiliary 2 dimensional systems H a and H b and consider the maximally entangled state
|ii ab . Alice and Bob have access to the subsystems aA and bB respectively.
Alice starts to make a two-outcome measurement
By operating A 1 (|ω i AB ⊗ |ψ ab ), where |ω i AB belongs to (2), we get a new set of states as follows.
We claim that the states can be distinguished in H aA ⊗ H bB . In fact, Bob makes a 3-outcome projective measurement. His first outcome B 1 = |1 b 1| ⊗ |2 + 3 B 2 + 3| leaves |ϕ 1 invariant, so |ϕ 1 is successfully identified.
Bob's second outcome B 2 = |2 b 2| ⊗ |1 + 2 B 1 + 2| leaves |ϕ i (i = 4, 5, . . . , n + 1) invariant. To further identify the states, Alice uses the projector A 21 = |2 a 2| ⊗ |2 A 2|, which keeps |ϕ 4 invariant. That is to say, |ϕ 4 has been successfully identified. Then Alice uses the projector A 22 = |2 a 2| ⊗ (|3 A 3| + |4 A 4| + · · · + |n A n|), which leaves |ϕ i (i = 5, 6, . . . , n + 1) invariant. Alice and Bob can further distinguish them by LOCC accordingly.
Bob's last outcome
) keeps |ϕ 2 , |ϕ 3 and |ϕ i (i = n + 2, n + 3, . . . , 2n − 2) invariant and transforms |φ to |1 A |11 ab |4 B + | − 2 + 3 − 4 + · · · + (−1) n−1 n A |22 ab |3 − 4 B . Then Alice uses the projector A 31 = |1 a 1| ⊗ |1 A 1| + |2 a 2| ⊗ (|2 A 2| + |3 A 3|), which leaves |ϕ 2 , |ϕ 3 invariant and transforms |φ to |1 A |11 ab |4 B + | − 2 + 3 A |22 ab |3 − 4 B . Hence these states can be easily distinguished by Alice and Bob using LOCC. When Alice uses the projectors A 3i = 2 a 2| ⊗ |2 + i A 2 + i| for i = 2, 3, . . . , n − 2, the other states |ϕ i (i = n + 2, n + 3, . . . , 2n − 2) can be distinguished easily.
, it is sufficient to perfectly distinguish the 2(2l + n) − 8 orthogonal product states in (4) by LOCC via a C 2 ⊗ C 2 MES.
Proof: As the proof of Theorem 4, Alice and Bob first share a maximally entangled state
|ii ab . Alice prepares the two-outcome measurement
Upon applying A 1 (|ω i AB ⊗ |ψ ab ), where |ω i AB are the states in (4), a new set of states is obtained as follows.
Now we need to show that these states can be distinguished in H aA ⊗ H bB . Bob makes an (m − 1)-outcome projective measurement. The first outcome B 1 = |1 b 1| ⊗ |1 B 1| leaves |ψ 1 invariant, while transforms |φ to
They can be easily distinguished by Alice by projection onto |l ± 2 A . In the same way, the 
, and |ϕ i (i = l, l + 1, . . . , 3l − 3) invariant, while transforms |φ to
, which leaves |ψ l−1 , |ψ 3l−5 , |ψ 3l−4 , |ψ 3l−3 , |ϕ 2l−2 , |ϕ 2l−1 and |ϕ i+2l−1 (i = 1, 2, . . . , l − 2) invariant and transforms |φ to Theorem 6. In C n ⊗ C 2k+1 (n ≥ 2k + 1 ≥ 5), it is sufficient to perfectly distinguish the d orthogonal product states in Eq.(9) by LOCC using only a C 2 ⊗ C 2 MES, where
Proof: To distinguish these states, Alice and Bob first share a maximally entangle state |ψ ab , where
|ii ab . Then, Bob makes a two-outcome measurement
By operating B 1 (|ω i AB ⊗ |ψ ab ), where |ω i AB belongs to (9), we get a new set of states as follows.
Now we need to show that the states can be distinguished in H aA ⊗ H bB . Alice makes an (n − k + 2)-outcome projective measurement, in which the first outcome A 1 = |1 a 1| ⊗ |(k + 3) A (k + 3)| leaves |ϕ k+2 intact and
ab . Therefore Bob can easily distinguish the results by applying them 
IV. DISCUSSIONS AND CONCLUSION
In this paper, we have studied how to distinguish orthogonal product states by LOCC with the least entanglement resource. We have constructed a new set of locally indistinguishable orthogonal product states in C n ⊗C m (n ≥ m ≥ 4) and proved their local distinguishability by using a C 2 ⊗C 2 maximally entangled state. Our result helps to understand further the phenomenon of nonlocality without entanglement.
It is clear that not any set of bipartite quantum states can be locally distinguished, if Alice and Bob share only 1-qubit entanglement. It is interesting to know what entanglement resources are sufficient and optimal for a given set of indistinguishable states.
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